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Abstract
Motivated by topological quantum field theory, we investigate the ge-
ometric aspects of unitary 2-representations of finite groups on 2-Hilbert
spaces, and their 2-characters. We show how the basic ideas of geometric
quantization are ‘categorified’ in this context: just as representations of
groups correspond to equivariant line bundles, 2-representations of groups
correspond to equivariant gerbes. We also show how the 2-character of
a 2-representation can be made functorial with respect to morphisms of
2-representations. Under the geometric correspondence, the 2-character
of a 2-representation corresponds to the geometric character of its asso-
ciated equivariant gerbe. This enables us to show that the complexified
2-character is a unitarily fully faithful functor from the complexified ho-
motopy category of unitary 2-representations to the category of unitary
equivariant vector bundles over the group.
Introduction
One of the main themes of topological quantum field theory (TQFT) is that
abstract yet elementary higher categorical ideas can translate into quite sophis-
ticated geometric structures. In this paper we work out a concrete toy model
of this sort, in the hope that the same methods will apply in a more advanced
setting.
The higher categorical structures we will be concerned with are unitary 2-
representations of finite groups, the 2-category which they constitute, and their
2-characters. A 2-representation of a group is a group acting coherently on
some sort of linear category. They often arise in practice when a group acts
on a geometric or algebraic structure, for then the group will act on the cat-
egory of representations of that structure. A 2-representation can be thought
of higher-categorically as weak 2-functor from the group (thought of as a one-
object 2-category with only identity 2-morphisms) to the 2-category of linear
categories. Hence they naturally form a 2-category, if we define the morphisms
to be transformations between the weak 2-functors and the 2-morphisms to be
modifications (see [31] for our conventions). Our main point in this paper is
that all these higher-categorical ideas translate into concrete geometric struc-
tures — but to understand this correspondence, one first needs to understand
the geometric correspondence for ordinary representations of groups.
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Figure 1: The section of the line bundle over projective space associated to a
vector v ∈ V .
Geometry of ordinary representations of groups and their characters
The basic idea of geometric quantization in the equivariant context is that every
representation of a group G arises as the ‘quantization’ of a classical geometric
system having symmetry group G. Normally this is expressed in the language
of symplectic geometry and polarizations [42], but one can find an elementary
categorical formulation of it in a simple setting which for our purposes still
displays many of the essential features, as we now explain (we apologize to the
reader for being somewhat sketchy in this subsection; an explicit write-up will
appear elsewhere [10]. We remark that our approach is in the spirit of the
coherent states formalism as in [29, 41]).
The main thing to understand is that every finite dimensional Hilbert space
V identifies antilinearly as the space of sections of a holomorphic line bundle.
Indeed, given V we have the associated line bundle over its projective space
τV → P(V ) whose fiber at a line l ∈ P(V ) is the line l itself. Thus to a vector
v ∈ V we may assign a holomorphic section of τV by orthogonally projecting v
onto every line l (see Figure 1)1, and all holomorphic sections of τV are of this
form. A category theorist should think of this as the ‘decategorified Yoneda
lemma’ since it says that a vector is determined by all of its inner products.
One can make this correspondence equivariant and also upgrade it to an
equivalence of categories in the following way. Given a compact Lie group G,
define the category LBun(G) as follows. An object is a holomorphic equivariant
unitary hermitian line bundle L → X over a compact hermitian manifold X
acted on isometrically by G. That is, L is a holomorphic collection of hermitian
lines {Lx} where x ranges over X, equipped with unitary maps
Lx → Lg·x
for each g ∈ G lifting the action of G on X. A morphism from L→ X to Q→ Y
is an equivariant kernel — an equivariant holomorphic collection of linear maps
〈y|E|x〉 : Lx → Qy
from each fiber of L to each fiber of Q, and one composes these by integration
— that is, if E′ is another equivariant kernel from Q→ Y to R→ Z then
〈z|E′ ◦ E|x〉 =
∫
Y
dy 〈z|E′|y〉 ◦ 〈y|E|x〉. (1)
In this setting the idea of geometric quantization translates into the statement
that there is an equivalence between the category of unitary representations of
1In more orthodox terminology we are using the inner products to identify τV with the
dual of the tautological line bundle.
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G and the category of equivariant line bundles:
Rep(G)→ LBun(G)
V 7→ τV
Γ(L)←[ L
There is also a notion of the geometric character chL of an equivariant line
bundle L, defined by integrating the group action over the manifold. One first
repackages the equivariant line bundle as a kernel
〈y|g|x〉 : Lx → Ly
and then one defines the geometric character of g ∈ G as the integral
chL(g) :=
∫
X
dx Tr〈x|g|x〉.
Under strong enough conditions on L and X this integral localizes over the fixed
points of g on X (for projective space, these are precisely the eigenlines, so one
is simply summing the eigenvalues) — a statement we will make more precise
in [10].
In any event, it is not hard to show that that the character of a representation
corresponds to the geometric character of its associated equivariant line bundle;
in other words, we have the commutative diagram
[Rep(G)]C
∼= //
χ
$$I
II
II
II
II
[LBun(G)]C
ch
yytt
tt
tt
tt
t
Class(G)
where [·]C refers to the complexified Grothendieck groups of these categories and
Class(G) is the space of class functions on the group. Moreover, all the maps
above are unitary with respect to the natural inner products involved.
Categorifying the geometric correspondence
The main point of this paper is to show that the above geometric correspon-
dence ‘categorifies’ appropriately to the setting of unitary 2-representations. By
a ‘unitary 2-representation’ we will mean a group acting unitarily and coher-
ently on a 2-Hilbert space (see [3]). These are abelian linear categories equipped
with a duality and a compatible inner-product; they stand in the same rela-
tion with Kapranov and Voevodsky’s 2-vector spaces [28] as finite-dimensional
Hilbert spaces are to finite-dimensional vector spaces. The main thing to bear in
mind is that these categories are semisimple, and this means that the geometric
structures we will derive in this paper will always be discrete — in particular,
we are obliged to restrict ourselves to 2-representations of finite groups. Nev-
ertheless, we hope that similar ideas will apply in the non-semisimple context,
such as group actions on derived categories of sheaves [18, 25].
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2-characters
The first thing to do is to develop a good theory of 2-characters. Just as the
character of an ordinary representation of a group is an assignment of a number
to each element of the group, invariant under conjugation, the 2-character of
a 2-representation is an assignment of a vector space to each element of the
group, together with specified isomorphisms relating the vector spaces assigned
to conjugate group elements.
Now 2-characters were introduced independently by Ganter and Kapranov
[25] while we were working on this project; however we develop a number of re-
sults about them not present in [25]. Our first step of departure is to use string
diagrams as a convenient notation for working with 2-representations and their
2-characters; we explain this notation in the opening section. Using this nota-
tion, we show that not only can one take the 2-character of a 2-representation,
but one can also take the 2-character of a morphism of 2-representations. To
do this, one needs to have good control over the ambidextrous adjunctions in
the 2-category of 2-Hilbert spaces, or geometrically speaking, one needs to en-
sure that one can choose a flat section of the ‘ambidextrous adjunction bundle’.
We call this an even-handed structure, and the behaviour of the 2-character on
morphisms will in general depend on the choice of this structure. However, we
show that the 2-category of 2-Hilbert spaces has a canonical even-handed struc-
ture, which uses the inner products and duality on the hom-sets in an essential
way (this is analogous to the way that the adjoint of a linear map between
vector spaces requires an inner product). This is one of the features of working
with unitary 2-representations which is not available for 2-representations on
unadorned 2-vector spaces.
Just as the ordinary character of a representation does not depend on the
isomorphism class of the representation, the 2-character of a morphism of 2-
representations does not depend on its isomorphism class, hence it descends
to a functor from the homotopy category of unitary 2-representations to the
category of equivariant vector bundles over the group:
χ : [2Rep(G)]→ HilbG(G).
Our main result in this paper is that after one tensors the hom-sets in [2Rep(G)]
with C, the resulting functor is unitarily fully faithful. This is the categorifi-
cation of the fact that the ordinary character is a unitary map from the com-
plexified Grothendieck group of unitary representations to the space of class
functions. To prove this result, we will develop a geometric correspondence
for unitary 2-representations in terms of finite equivariant gerbes analogous to
the correspondence between ordinary representations and equivariant line bun-
dles above. Then we show that under this correspondence, the 2-character of
the 2-representation corresponds to the geometric character of the associated
equivariant gerbe, from which the result follows since we can use a theorem
of Willerton [40], developed in the context of twisted representations of finite
groupoids, to obtain a detailed understanding of geometric characters.
Equivariant gerbes
For our purposes, a finite equivariant gerbe is a U(1)-central extension X of the
action groupoid XG associated to a finite G-set X (see [12, 8, 40] for background
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material on gerbes). That is, X is a groupoid having the same objects as XG
with the property that each morphism in XG is replaced by a U(1)-torsor worth
of morphisms in X. An equivariant gerbe can also be thought of as representing
a ‘equivariant hermitian 2-line bundle’ over X; one way to see this is that
by choosing a set-theoretic section of the gerbe one can extract a U(1)-valued
groupoid 2-cocycle φ, which can be used to form a fibration of categories XG×φ
Hilb→ XG (see [40, 13, 16]). Since we will be dealing with integration in various
forms, we will also equip our gerbes with metrics. Equivariant gerbes form a
2-category Gerbes(G), if we define a 1-morphism X → X′ between gerbes to
be a unitary equivariant vector bundle over their product X′ ⊗ X (this should
be thought of as a categorified kernel) and a 2-morphism to be a morphism of
equivariant vector bundles.
Unitary 2-representations and equivariant gerbes
It turns out that from a marked unitary 2-representation of G (a 2-Hilbert space
is marked if it is endowed with distinguished simple objects), one can extract a
finite equivariant gerbe equipped with a metric, and similarly for the morphisms
and 2-morphisms, leading to an equivalence of 2-categories
2Repm(G) ∼→ Gerbes(G).
This should be regarded as a ‘categorification’ (at least in our finite discrete
setting) of the aforementioned equivalence between the category of unitary rep-
resentations of G and the category of equivariant line bundles.
Geometric characters of equivariant gerbes
We have seen that the geometric character of an equivariant line bundle can
often be expressed as a sum over the fixed points of the group action. Similarly
we define the geometric character of an equivariant gerbe as the space of sec-
tions over the fixed points of the gerbe (readers familiar with these ideas will
recognize this as the push-forward of the transgression map in our context, as in
[39]). Since the group acts on these fixed points by conjugation, the geometric
character also produces an equivariant vector bundle over the group. We show
how one can also apply the geometric character to a morphism of equivariant
gerbes, so as to obtain a morphism between the corresponding equivariant vector
bundles. Just as for 2-representations, the geometric character on morphisms
only depends on their isomorphism classes, hence it also descends to a functor
from the homotopy category of equivariant gerbes to the category of equivariant
vector bundles over the group,
ch: [Gerbes(G)]→ HilbG(G).
Now, the morphisms in [Gerbes(G)] may be regarded as twisted representations
of groupoids, and it turns out that at the level of morphisms the geometric
character functor essentially takes the twisted characters of these representa-
tions. Thus one can apply the technology of Willerton [40] to conclude that
after one tensors the hom-sets in [Gerbes(G)] with C, the geometric character
functor is unitarily fully faithful.
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Main result
As we have explained, our main result is a ‘categorification’ of the aforemen-
tioned geometric correspondence for ordinary representations.
Theorem. The 2-character of a marked unitary 2-representation is unitarily
naturally isomorphic to the geometric character (i.e. the push-forward of the
transgression) of its associated equivariant gerbe:
[2Repm(G)]
χ
%%K
KK
KK
KK
KK
' // [Gerbes(G)]
ch
yytt
tt
tt
tt
t
HilbG(G)
Corollary. The complexified 2-character functor
χC : [2Rep(G)]C → HilbG(G)
is a unitarily fully faithful functor from the complexified homotopy category of
unitary 2-representations of G to the category of unitary equivariant vector bun-
dles over G.
Comparison with previous work
There have already been a number of works on 2-representations (see eg. [7,
17, 18, 20, 25, 34, 36]), the most relevant for this paper being that of Elgueta
[20] and that of Ganter and Kapranov [25]. Elgueta performed a thorough and
careful investigation of the 2-category of 2-representations of a 2-group (a 2-
group is a monoidal category with structure and properties analogous to that
of a group [4]) acting on Kapranov and Voevodsky’s 2-vector spaces, and his
motivation was therefore to work with co-ordinatized versions of 2-vector spaces
amenable for direct computation, and to classify the various structures which
appear.
Ganter and Kapranov were motivated by equivariant homotopy theory, namely
to try and find a categorical construction which would produce the sort of gen-
eralized group characters which crop up in Morava E-theory; they (indepen-
dently) introduced the categorical character (which we call the 2-character) of
a 2-representation and showed that it indeed achieves this purpose. Since they
had no reason not to, they also worked with co-ordinatized 2-vector spaces (this
time of the form Vectn); also they did not investigate in any depth morphisms
and 2-morphisms of 2-representations. This present paper was in preparation
at the time [25] appeared and the author apologizes for the lengthy delay.
Our motivation has been extended topological quantum field theory, where
the 2-category of 2-representations of a group appears as the ‘2-category associ-
ated to the point’ in a finite version of Chern-Simons theory called the untwisted
finite group model (see [19, 22, 34, 40, 2] for background). We remark here that
in the twisted model (the twisting is given by a group 3-cocycle ω ∈ Z3(G,U(1))
the ‘2-category assigned to the point’ is the 2-category of 2-representations of
the 2-group Gω constructed from G and ω. In this paper we have restricted our-
self to the untwisted case, since the geometry of the twisted model is a bit more
intricate (one must essentially replace equivariant gerbes by twisted equivariant
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gerbes), and also because the untwisted setting makes for a cleaner analogy
between the geometric picture of ordinary unitary representations and that of
unitary 2-representations. We hope to study more carefully the geometry of the
twisted model in future work; for now we refer the reader to the recent [6] which
studies strict 2-representations of Lie 2-groups on ‘higher Hilbert spaces’ (these
are categories whose objects are ‘measurable fields of Hilbert spaces’ supported
over a measurable space X, a setting which allows for continuous geometry).
In any event, the language of Chern-Simons theory is the geometric language
of moduli-stacks, line-bundles, equivariant structures, flat sections and such
like, and this has therefore motivated our approach to 2-representations and is
what distinguishes our approach from previous approaches (though we remark
that related ideas do appear in [25]). For instance, as far as possible we try
to work directly with the underlying 2-Hilbert spaces of the 2-representations
themselves as opposed to some ‘co-ordinitization’ of them, a strategy which
might be important in a more intricate geometric setting. We hope that some
of the ideas we have developed in this paper will also translate into the more
advanced geometric contexts of [25], as well as [24].
Overview of paper
In Section 1 we remind the reader of how the string diagram notation for 2-
categories works. In Section 2 we recall the notion of a 2-Hilbert space due
to Baez [3], and we define what we mean by the 2-category of unitary 2-
representations, expanding out all the definitions in terms of string diagrams,
where they take a particularly simple form. We also give a number of examples
of unitary 2-representations. Finally we develop the idea of an even-handed
structure on a 2-category as a consistent choice of isomorphism classes of am-
bidextrous adjoints, and we show that the 2-category of 2-Hilbert spaces has a
canonical such structure. We also explain what it means for a 2-representation
to be compatible with a given even-handed structure.
In Section 3 we use the string diagram technology to define 2-characters of
unitary 2-representations, and we show how to make this construction functorial
with respect to morphisms of 2-representations.
In Section 4 we introduce the main geometric notions of this paper: finite
equivariant gerbes equipped with metrics, the 2-category which they constitute,
and the twisted character of an equivariant vector bundle over a gerbe. In
Section 5 we use this language to define the geometric character of an equivariant
gerbe, and we show how to make this construction functorial with respect to
morphisms of equivariant gerbes.
In Section 6 we explain how to extract an equivariant gerbe from a unitary
2-representation, and similarly for the morphisms and 2-morphisms, leading
to an equivalence of 2-categories. Finally in Section 7 we bring together all
these concepts, and show that the 2-character of a 2-representation corresponds
naturally to the geometric character of its associated equivariant gerbe. We use
this to conclude that the 2-character is a unitarily fully faithful functor after
one passes to the complexified homotopy category.
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Figure 2: Globular notation for 2-categories versus string diagram notation.
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1 String diagrams
In this section we briefly recall the string diagram notation for 2-categories.
This notation is particularly suited to describe structures such as adjunctions
and monads, and we will find it very useful when we discuss 2-characters in
Section 3.
String diagrams are a two-dimensional graphical notation for working with 2-
categories, and may be regarded as the ‘Poincare´ duals’ of the ordinary globular
notation. The basic idea is summarized in Figure 2. The reader who is still
confused by these diagrams is referred to Section 2.2 of [30], Section 1.1 of [14]
or [32, 38] for more details. In our diagrams, composition of 1-morphisms runs
from right to left (so a G to the left of an F means G after F ), and composition
of 2-morphisms runs from top to bottom. We stress that string diagrams are
not merely a mnemonic but are a perfectly rigorous notation.
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We make the important remark here that by a ‘2-category’ we mean a not-
necessarily-strict 2-category (also called a bicategory). In this paper we will
almost exclusively be using string diagrams in the context of the 2-category of
2-Hilbert spaces, which is a strict 2-category. However we will have occasion
to use them in the context of a weak 2-category when we discuss even-handed
structures for general 2-categories in Section 2.5. Let us therefore make some
remarks on the interpretation of these diagrams when the 2-category is not
strict.
A string diagram is a graphical notation for a specific 2-morphism in a
2-category. The source and target 1-morphisms of this 2-morphism are the
composites of the top and bottom 1-morphisms represented in the diagram, re-
spectively. When the 2-category is weak, one therefore needs to be given the
additional information of precisely how these composites which make up the
source and target 1-morphisms are to be parenthesized (this might include ar-
bitrary insertions of identity 1-morphisms). However, once a parenthesis choice
has been made for the source and target 1-morphisms, coherence for 2-categories
— in the form which says ‘all diagrams of constraints commute’ as in Chapter 1
of the thesis of Gurski [27] — implies that the resulting 2-morphism represented
by the diagram is unique, and does not depend on the choice of parentheses, as-
sociators and unit 2-isomorphisms used to interpret the interior of the diagram.
Now, whenever a string diagrams occurs in this paper it will always be
manifestly clear what the input and output 1-morphisms are. For instance:
“The 2-morphism η : id⇒ (G ◦ F ) ◦ (F ∗ ◦G∗) is defined as .”
In other words, every string diagram in this paper has a precise and rigorous
meaning.
2 Unitary 2-representations
We begin this section by recalling the notion of a 2-Hilbert space due to Baez
[3]. Then we define the 2-category of unitary 2-representations of a finite group.
We do this first in an abstract higher-categorical way, and then we spell out
this definition in terms of string diagrams by introducing graphical elements
to depict the various pieces of data involved. We give some examples of 2-
representations, such as those arising from exact sequences of groups. Finally
we show that 2Hilb comes equipped with a canonical even-handed structure —
a coherent way to equip every right adjoint also as a left adjoint. This will be
necessary in the next section in order to show that the 2-character can be made
functorial.
2.1 2-Hilbert spaces
A 2-Hilbert space is a ‘categorification’ of a Hilbert space; that is, it is a category
with structure and properties analogous to those of a Hilbert space. They
were introduced by Baez [3], and we need them because we want to work with
unitary 2-representations. They are similar to Kapranov and Voevodsky’s 2-
vector spaces, the difference between them being analogous to the difference
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between a Hilbert space and an ordinary vector space. We remark that by
the words ‘Hilbert space’ we will inevitably mean simply a finite-dimensional
inner product space; this terminology is standard in a topological quantum field
theory context [22].
A good example of a 2-Hilbert space is the category of unitary finite-dimensional
representations of a finite group (more generally, one could consider twisted
unitary representations of a finite groupoid). Observe that this category is es-
pecially easy to understand: every representation is a direct sum of irreducible
representations. Although it is equivalent to the category of finite-dimensional
representations with no inner products involved (which is a 2-vector space in
the sense of Kapranov and Voevodsky), it has extra structure because every
morphism f : V →W has an adjoint f∗ : W → V and the hom-sets have a nat-
ural inner product, (f, g) = 1|G| Tr(f
∗g). This illustrates the difference between
a 2-Hilbert space and a 2-vector space.
2.1.1 The definition
We write Hilb for the category of finite dimensional Hilbert spaces and linear
maps. A Hilb-category is a category enriched over Hilb.
Definition 1. A 2-Hilbert space is an abelian Hilb-category H, equipped with
antilinear maps ∗ : hom(x, y)→ hom(y, x) for all x, y ∈ H, such that
• f∗∗ = f ,
• (fg)∗ = g∗f∗,
• (fg, h) = (g, f∗h),
• (fg, h) = (f, hg∗)
whenever both sides of the equation are defined.
The thing to keep in mind about 2-Hilbert spaces is that they are automat-
ically semisimple — that is, there exist objects ei labeled by a set I such that
Hom(ei, ej) ∼= δijk (such objects are called simple) and such that for any two
objects x and y the composition map
Hom(x, y)←
⊕
i∈I
Hom(x, ei)⊗Hom(ei, y).
is an isomorphism.
Proposition 2 (Baez [3]). Every 2-Hilbert space is semisimple.
The reason is that the arrow algebra associated to a finite set of objects in a
2-Hilbert space forms an H∗-algebra (a finite-dimensional algebra with an inner
product and a compatible antilinear involution), and it is a result of Ambrose
[1] that such algebras are weighted direct sums of matrix algebras. We see that
it is precisely the geometric ingredient of ‘duality’ (the inner products and the
∗-structure) which causes 2-Hilbert spaces to be semisimple.
This is the main conceptual difference between 2-Hilbert spaces and 2-vector
spaces. The latter were defined by Kapranov and Voevodsky essentially as ‘an
abelian Vect-module category equivalent to Vectn for some n ∈ N’. A good
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feature of their definition is that it explicitly includes a prescription for cate-
gorified scalar multiplication, an ingredient which is missing from the definition
of 2-Hilbert spaces, but which can be useful for some constructions (on the
other hand, it can easily be added in). A disappointing feature of their defini-
tion though is that it adds in semisimplicity by hand, whereas 2-Hilbert spaces
are defined intrinsically, and semisimplicity is a consequence.
For instance, the category Rep(A) of finite-dimensional representations of
an algebra A is always an abelian category with a Vect-module structure, but
it fails to be semisimple in general, precisely because of the lack of duality in
Rep(A).
2.1.2 The 2-category of 2-Hilbert spaces
A 2-Hilbert space H is called finite dimensional if there are only a finite number
of non-isomorphic simple objects; this number is called the dimension of H. A
functor F : H → H ′ between 2-Hilbert spaces is called linear if it is linear on
the level of hom-sets and preserves direct sums, in the sense that if x ⊕ y is a
direct sum of x, y ∈ H, then F (x⊕ y) is a direct sum of F (x), F (y) ∈ H ′. It is
called a ∗-functor if F (f∗) = F (f)∗ for all morphisms f in H.
Definition 3. The 2-category 2Hilb of 2-Hilbert spaces has finite-dimensional
2-Hilbert spaces for objects, linear ∗-functors for morphisms, and natural trans-
formations for 2-morphisms.
A natural transformation θ : F ⇒ F ′ between morphisms F, F ′ : H → H ′ of
2-Hilbert spaces is called unitary if all its components are unitary — that is,
if θ∗xθx = idF (x) and θxθ
∗
x = idF ′(x) for all x ∈ H. A pair H,H ′ of 2-Hilbert
spaces are called unitarily equivalent if there are linear ∗-preserving functors
F : H → H ′ and G : H ′ → H together with unitary natural isomorphisms
η : idH
∼⇒ GF and  : FG ∼⇒ idH′ forming an adjunction. We will call them
strongly unitarily equivalent (this refined notion is not considered in [3]) if the
functors F and G are also unitary linear maps at the level of hom-sets.
The important things to remember about 2-Hilbert spaces, and the mor-
phisms and 2-morphisms between them, are the following:
• A 2-Hilbert space H is determined up to unitary equivalence simply by its
dimension (see [3]). It is determined up to strong unitary equivalence by its
dimension and the scale factors on the simple objects — the positive real
numbers ki = (idei , idei) (if H is the category of unitary representations
of a finite group, these numbers are the dimensions of the irreducible
representations divided by the order of the group). These scale factors are
the extra information not present in an unadorned semisimple category.
• Since 2-Hilbert spaces are semisimple, a linear ∗-functor F : H → H ′
between them is determined up to unitary natural isomorphism simply
by the vector spaces Hom(eµ, Fei), where eµ and ei run over a choice of
simple objects for H ′ and H respectively.
• Similarly, a natural transformation θ : F ⇒ G is freely and uniquely deter-
mined by its components θei : Fei → Gei on the simple objects ei. This
gives the vector space of natural transformations an inner product via the
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formula (compare equation (3.16) of [23])
〈θ, θ′〉 =
∑
i
ki(θei , θ
′
ei).
In this way, one can view 2Hilb as a discrete version of the 2-category Var (see
[14, 25]), whose objects are the derived categories D(X) of coherent sheaves
over smooth projective algebraic varieties X and whose hom-categories are the
derived categories over the product Y ×X,
HomVar(X,Y ) = D(Y ×X).
Decategorifying a 2-Hilbert space
If H is a 2-Hilbert space, we will write [H]C for the complexified Grothendieck
group of H — the tensor product of C with the abelian semigroup generated by
the isomorphism classes of objects [v] in H under the relations [v⊕w] = [v]+[w].
A basis for [H]C is given by the isomorphism classes [ei] of simple objects of H.
We regard [H]C as a Hilbert space with inner product defined on the generating
elements by
([v], [w]) = dim Hom(v, w).
2.2 2-representations in terms of string diagrams
We now define the 2-category 2Rep(G) of unitary 2-representations of a finite
group G. We do this in two stages — firstly we define it in a terse higher-
categorical way, and then we expand out this definition explicitly in traditional
notation as well as in string diagrams, introducing new graphical elements to
depict the various pieces of data involved.
Since there are various conventions for terminology for 2-categories, we re-
mark that we are essentially using those of Leinster [31]. The reader is assured
that those parts of the definition below mentioning the word ‘unitary’ will be
explained shortly.
Definition 4 (compare [20, 17, 7, 25, 36]). The 2-category 2Rep(G) of unitary
2-representations of a finite group G is defined as follows. An object is a unitary
weak 2-functor G → 2Hilb (where G is thought of as a 2-category which has
only one object, with the elements of G as 1-morphisms, and only identity 2-
morphisms). A morphism is a transformation whose coherence isomorphisms
are unitary, and a 2-morphism is a modification.
We now expand this definition out.
2.2.1 Unitary 2-representations
A unitary 2-representation of G consists of:
• A finite-dimensional 2-Hilbert space H, drawn as
or when H is understood,
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• For each g ∈ G, a linear ∗-functor H αg←− H which at the level of hom-sets
is a unitary linear map, drawn as
or simply ,
• A unitary 2-isomorphism φ(e) : idH ⇒ αe (where e is the identity element
of G), and for each g1, g2 ∈ G, a unitary 2-isomorphism φ(g2, g1) : αg2 ◦
αg1 ⇒ αg2g1 , drawn as
idA
φ(e)

αg
,
αg2 ◦ αg1
φ(g2,g1)
αg2g1
such that
αg
φ(e)∗id
w vv
vv
vv
vv id ∗φ(e)
'H
HH
HH
HH
H
αe ◦ αg
φ(e,g) 'H
HH
HH
HH
H αg ◦ αe
φ(g,e)w vv
vv
vv
vv
αg
and
αg3 ◦ αg2 ◦ αg1
φ(g3,g2)∗id
$,Q
QQQ
QQQ
QQQ
QQ
QQQ
QQQ
QQQ
QQQid ∗φ(g2,g1)
rz mmm
mmm
mmm
mmm
mmm
mmm
mmm
mmm
αg3g2 ◦ αg1
φ(g3,g2g1) $,Q
QQQ
QQQ
QQQ
QQ
QQQ
QQQ
QQQ
QQQ
αg3 ◦ αg2g1
φ(g3g2,g1)rz mmm
mmm
mmm
mmm
mmm
mmm
mmm
mmm
αg3g2g1
commute, or in string diagrams,
= = and = .
(2)
We will draw the inverse 2-isomorphisms φ(e)∗ : αe ⇒ idH and φ(g2, g1)∗ : αg2g1 ⇒
αg2 ◦ αg1 as
αe
φ(e)∗
idA
,
αg2g1
φ(g2,g1)
∗

αg2 ◦ αg1
.
The fact that these satisfy φ(e)∗φ(e) = id and φ(e)φ(e)∗ = id, and similarly for
the φ(g2, g1), is drawn as follows:
= , = (3)
= , = . (4)
We will abbreviate all of this data (H, {αg}, φ(e), {φ(g2, g1)}) simply as α.
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2.2.2 Morphisms
A morphism σ : α→ β of unitary 2-representations is a transformation from α to
β whose coherence isomorphisms are unitary. Thus, if α = (Hα, {αg}, φ(e), {φ(g2, g1)})
and β = (Hβ , {βg}, ψ(e), {ψ(g2, g1}), then it consists of
• A linear ∗-functor σ : Hα → Hβ , drawn as
or (Hα and Hβ understood)
The line for σ is thick and coloured differently, so as to distinguish it from
the lines for the functors αg and βg.
• For each g ∈ G a unitary natural isomorphism σ(g) : βg ◦ σ ∼⇒ σ ◦ αg,
drawn as
βg ◦ σ
σ(g)

σ ◦ αg
such that
βg2 ◦ βg1 ◦ σ
ψ(g2,g1)∗id
s{ ppp
ppp
ppp
p
ppp
ppp
ppp
p
id ∗σ(g1)+3 βg2 ◦ σ ◦ αg1
σ(g2)∗id

βg2g1 ◦ σ
σ(g2g1) #+O
OOO
OOO
OOO
OOO
OOO
OOO
O
σ ◦ αg2g1 σ ◦ αg2 ◦ αg1
id ∗φ(g2,g1)
ks
σ
ψ(e)∗id

id ∗φ(e)
!)J
JJJ
JJJ
JJJ
JJJ
JJJ
JJJ
J
βe ◦ σ
σ(e)
+3 σ ◦ αe
commute, or in string diagrams,
= and = . (5)
We will draw the inverse 2-isomorphisms σ(g)∗ : σ ◦ αg ⇒ βg ◦ σ as
σ ◦ αg
σ(g)∗

βg ◦ σ
.
These satisfy σ(g)∗σ(g) = id and σ(g)σ(g)∗ = id, that is,
= and = . (6)
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We will abbreviate all of this data (σ, {σ(g)}) simply as σ. Observe that a
morphism of 2-actions of G, which might be called an intertwiner, really does
have an ‘intertwining’ aspect to it when expressed in terms of string diagrams.
2.2.3 2-morphisms
Finally, if α and β are unitary 2-representations of G, and σ, ρ : α → β are
morphisms between them, then a 2-morphism θ : σ ⇒ ρ is a modification from
σ to ρ. Thus, θ is a natural transformation σ to ρ, drawn as
σ
θ

ρ
,
such that
βg ◦ σ
σ(g)
v~ vv
vv
vv
vv
v
id ∗θ
 (H
HH
HH
HH
H
σ ◦ αg
θ∗id  (I
II
II
II
II
βg ◦ ρ
ρ(g)v~ uu
uu
uu
uu
ρ ◦ αg
commutes, or in string diagrams,
= . (7)
We trust that the simplicity of these diagrams has persuaded the reader the
string diagrams are a useful notation for working with 2-representations. We
will develop this notation further as we go along.
2.3 Examples
We now give some examples to illustrate these ideas; we will say more about
them in Section 6.2 once we have established the geometric interpretation of
unitary 2-representations in terms of equivariant gerbes. We urge the reader to
consult [25] for additional examples of group actions on linear categories.
2-representations can be strictified
Before we give the examples, let us first clear up some potential confusion. A
2-representation α is called strict if all the coherence isomorphisms are identities.
Lemma 5. Every 2-representation is equivalent inside 2Rep(G) to a strict 2-
representation.
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Proof. The proof is essentially an application of the 2-Yoneda lemma, which
can be found for instance in [21, page 60]. Given a 2-representation of G on a
2-Hilbert space H, we can define a corresponding strict 2-representation of G
on the 2-Hilbert space
Hom2Rep(G)(Hilb[G], α),
where Hilb[G] is the category of G-graded Hilbert spaces on which G acts by
left multiplication.
We warn the reader that this does not mean that there is no information in
the coherence isomorphisms — it just means that this information can always
be shifted into the structure of a new and bigger category, if one wishes to do
so. In other words, a strict 2-representation on a ‘big’ 2-Hilbert space (such as
‘the category of all such and such’) is not necessarily trivial — to decide this,
one has to calculate the 2-cocycle of the corresponding equivariant gerbe, as we
explain in Section 6.1.
2.3.1 Automorphisms of groups
Suppose G ⊆ Aut(K) is a subgroup of the automorphism group of a finite
group K. This gives rise to a unitary 2-representation of G on the 2-Hilbert
space Rep(K) by precomposition. That is, if V is a unitary representation of
K, then g ·V ≡ V g has the same underlying vector space except that the action
of k ∈ K on V g corresponds to the action of g-1 · k on V . This is of course a
strict 2-representation, but it is not necessarily frivolous, as we shall see in the
next example. Also note that any 2-representation of this form will necessarily
be unitary, because it can only permute irreducible representations of the same
dimension amongst each other.
2.3.2 The metaplectic representation
A good example of a nontrivial 2-representation of the above sort is the action of
SL2(R) on Rep(Heis), the category of representations of the Heisenberg group.
Of course, SL2(R) is not a finite group, but all the definitions above still apply.
The Heisenberg group arises in quantum mechanics (see for example [15]).
It is the 3-dimensional Lie group with underlying manifold R2 × U(1) — with
R2 thought of as phase space with elements being pairs v = (z, p) — and
multiplication defined by
(v, eiθ) · (w, eiφ) = (v + w, eiω(v,w)ei(θ+φ)),
where ω(v, w) = 12 (vzwp− vpwz) is the canonical symplectic form on R2. Up to
isomorphism, there is only one irreducible representation of Heis on a separable
Hilbert space, with the U(1) factor acting centrally. Namely, the action on
L2(R) given by
(z · f)(x) = eizxf(x), (p · f)(x) = f(x− p).
Since there is only one irreducible representation, Rep(Heis) is a one-dimensional
2-Hilbert space.
Now SL2(R) is the group of symplectomorphisms of R2, hence it acts as
automorphisms of Heis, giving rise to a unitary 2-representation of SL2(R) on
Rep(Heis) via the standard prescription (g · ρ)(v, eiθ) = ρ(g-1 · v, eiθ).
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This gives rise to a nontrivial projective representation of SL2(R) on L2(R);
the fact that the projective factor cannot be removed is known as the ‘metaplec-
tic anomaly’. Indeed, the viewpoint of 2-representations elucidates somewhat
the nature of this anomaly. It might seem strange at first that the action of
SL2(R) — the symmetry group of the classical phase space R2 — does not
survive quantization, becoming instead a projective representation. However
SL2(R) does act on Rep(Heis), the collection of all quantizations. From this
we see that the ‘anomaly’ arose from an attempt to decategorify this action, by
artificially choosing a fixed quantization ρ.
2.3.3 2-representations from exact sequences
We’ve seen how an action of G on another group K gives rise to a unitary 2-
representation of G on Rep(K). The same can be said for a ‘weak’ action of G
on K. Suppose
1→ K i↪→ E pi G→ 1
is an exact sequence of finite groups, which has been equipped with a set-
theoretic section s : G → E such that s(e) = e. We can think of this data as a
homomorphism of 2-groups
G→ AUT (K)
where AUT (K) is the 2-group whose objects are the automorphisms of K and
whose morphisms are given by conjugation (see [4, 5]). Explicitly, one thinks
of the group K as being the morphisms of a one-object category (also denoted
K), and for each g ∈ G, g : K → K is the functor defined by conjugating in E,
g · k := s(g)ks(g)-1
where we have identified K with its image in E. This determines a K-valued
2-cocycle ϕ having the property that
g2 · g1 · k = ϕ(g2, g1)[(g2g1) · k]ϕ(g2, g1)-1
for all k ∈ K.
This data gives rise to a unitary 2-representation α of G on Rep(K), by
precomposition. Explicitly, if ρ is a representation of K, and g ∈ G, then αg(ρ)
has the same underlying vector space as ρ, with the action of K given by
αg(ρ)(k) = ρ(g-1 · k).
The coherence natural isomorphisms φ(g2, g1) : αg2 ◦ αg1 ⇒ αg2g1 have compo-
nents
φ(g2, g1)ρ = ρ(ϕ(g-11 , g
-1
2 ))
while φ(e) : id⇒ αe is just the identity.
2.3.4 Other examples of 2-representations
One expects to find similar examples of unitary 2-representations of groups
arising from automorphisms of other geometric or algebraic structures — for
instance, the automorphisms of a rational vertex operator algebra or of an affine
lie algebra will act on their category of representations, which in good cases are
2-Hilbert spaces.
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2.3.5 Morphisms of 2-representations from morphisms of exact se-
quences
We have seen how one obtains a 2-representation of G from an exact sequence
of groups (equipped with a set-theoretic section) with G as the final term, or
equivalently from a weak action of G on another group. A morphism of such
a structure gives rise to a morphism of 2-representations by induction. Indeed,
suppose we have a map of exact sequences
1 // K
f0

// E
f1

// G //
id

1
1 // L // F // G // 1
.
In higher category language, this is essentially the same thing as a morphism
inside the 2-category
Hom(G,Groups)
of weak 2-functors, transformations and modifications from G (thought of as
a one object 2-category with only identity 2-cells) to the 2-category of groups
(objects are groups, morphisms are functors, 2-morphisms are natural transfor-
mations). Then by inducing along f0 we get a map
σ ≡ Ind(f0) : Rep(K)→ Rep(L)
and also natural isomorphisms
σ(g) : βg ◦ σ ⇒ σ ◦ αg,
where α and β are the associated 2-representations of G on Rep(K) and Rep(L)
respectively. In other words, a map of exact sequences gives rise to a morphism
of 2-representations.
2.4 More graphical elements
The reason we have been drawing arrows on the strings representing the functors
αg involved in a 2-representation α is to conveniently distinguish group elements
from their inverses: if a downward pointing section of a string is labeled ‘g’ then
it represents αg, and upward pointing sections of the same string represent αg-1 .
Using this convention we now construct some new graphical elements from the
old ones. From now on we drop the bounding boxes on the diagrams.
Define ηg : id⇒ αg-1 ◦ αg and g : αg ◦ αg-1 ⇒ id as:
ηg = := ≡
id
φ(e)

αe
φ(g-1,g)-1
αg-1 ◦ αg
g = := ≡
αg ◦ αg-1
φ(g,g-1)
αe
φ(e)-1
id
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These are indeed unitary natural transformations, since their inverses are clearly
given by
η∗g = := 
∗
g = := .
In other words, we have the “no loops” and “merging” rules
= =
and similarly for the reverse orientations.
We now show that these new graphical elements behave as their string di-
agrams suggest. The first part of the following lemma actually says in more
orthodox terminology that ‘αg is an ambidextrous adjoint equivalence from the
underlying 2-Hilbert space to itself’, or more precisely ‘for all g ∈ G, αg a αg-1
via (ηg, g)’. But it’s the simple fact that these string diagrams can be manip-
ulated in the obvious intuitive fashion which is more important for us here.
Lemma 6. Suppose α is a 2-representation of G. The following graphical moves
hold:
(i) = = (ii) =
(iii) = = (iv) = .
Proof. (i) The first equation as proved as follows,
.
In step 1 we zip together using the rule (3a), in 2 we slide the button around
using (4b), in 3 we unzip again using (3a) and in 4 and 5 we contract the identity
string using (2b). The other equations are proved similarly.
Now we record for further use some allowable graphical manipulations for
morphisms of 2-representations.
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Lemma 7. Suppose σ : α→ β is a morphism of 2-representations. The follow-
ing graphical moves hold:
(i) = (ii) =
Proof. (i) is proved as follows,
(a)
=
(b)
=
(c)
= ,
where (a) uses the inverse rule (6a), (b) uses the button-dragging rule (5a), and
(c) uses the reverse inverse rule (6b).
2.5 The even-handed structure on 2Hilb
In order to make the 2-character functorial, we will need to have tight control
on the ambidextrous (simultaneous left and right) adjoints in 2Hilb. This is
accomplished via an even-handed structure — a coherent system for turning right
adjoints into left adjoints. We first define this notion for general 2-categories,
and then we show that 2Hilb has a canonical such structure.
2.5.1 Even-handed structures on general 2-categories
Let us first be clear about our terminology.
Definition 8. An ambidextrous adjoint of a morphism F : A → B in a 2-
category is a quintuple 〈F ∗〉 ≡ (F ∗, η, , n, e) where F ∗ : B → A is a morphism,
η : idA ⇒ F ∗F and  : FF ∗ ⇒ idB are unit and counit maps exhibiting F ∗ as a
right adjoint of F , and n : idB ⇒ FF ∗ and e : F ∗F ⇒ idA are unit and counit
maps which exhibit F ∗ as a left adjoint of F .
We write the data of a particular ambidextrous adjoint of F in string dia-
grams as
〈F ∗〉 =
(
, , , ,
)
.
We can organize the choices of ambidextrous adjoints for F into a groupoid
Amb(F ) which we call the ambijunction groupoid of F , as follows. An object is
a choice of ambidextrous adjoint 〈F ∗〉 of F . A morphism γ : 〈F ∗〉 → 〈(F ∗)′〉 of
ambidextrous adjoints of F is an invertible 2-morphism γ : F ∗ ⇒ (F ∗)′, drawn
as
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such that ‘twisting’ the unit and counits of 〈F ∗〉 by γ results in 〈(F ∗)′〉, that is,(
, , ,
)
=
(
, , ,
)
.
We write [Amb(F )] for the set of isomorphism classes in the ambijunction
groupoid of F , and we write the class of a particular ambidextrous adjoint
〈F ∗〉 as [F ∗]. The properties of the ambijunction groupoid are summarized in
the following elementary but important lemma.
Lemma 9. Suppose F is a morphism in a 2-category and that the groupoid
Amb(F ) is nonempty. Then:
(i) There is at most one arrow between any two ambidextrous adjunctions in
Amb(F ).
(ii) The group Aut(F ) of automorphisms of F acts freely and transitively on
[Amb(F )] by twisting the unit and counit maps which display F ∗ as a left
adjoint of F ,
[F ∗] α7→
[
, , , ,
]
.
Now suppose that θ : F ⇒ G is a 2-morphism, drawn as
,
and that choices 〈F ∗〉, 〈G∗〉 of ambidextrous adjoints of F and G have been
made. The right and left daggers of θ are defined to be the 2-morphisms
θ†,†θ : G∗ ⇒ F ∗ given by
θ† := †θ := . (8)
In other words, the right dagger θ† is constructed from the data of F ∗ and G∗
being right adjoints of F and G respectively, while the left dagger †θ is con-
structed from the data of F ∗ and G∗ being left adjoints of F and G respectively.
It is clear that θ† need not equal †θ because they transform differently under
the action of automorphisms of F and G. Indeed, if we use automorphisms
αF : F ⇒ F and αG : G⇒ G to twist the left adjoint unit and counit maps, we
see that the right daggers remain unchanged while the left daggers transform as
7→ .
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However, the question of whether the right dagger θ† is equal to the left dagger
†θ only depends on the isomorphism classes of 〈F ∗〉 and 〈G∗〉 in their respec-
tive ambijunction groupoids, as the reader will verify by an elementary string
diagram calculation.
This suggests the following definition. Firstly, observe that one can compose
ambidextrous adjoints in the obvious way, and also that every identity morphism
idA in a 2-category has the trivial ambidextrous adjunction associated to it,
with unit maps idA ⇒ idA ◦ idA given by the unit isomorphisms and counit
maps idA ◦ idA ⇒ idA given by their inverses. Also, we say that a 2-category C
has ambidextrous adjoints if every morphism has an ambidextrous adjoint. Note
that having ambidextrous adjoints is a property of C — we do not require that
permanent choices of these adjoints have been made from the start.
Definition 10. An even-handed structure on a 2-category with ambidextrous
adjoints is a choice F [∗] ∈ [Amb(F )] of isomorphism class of ambidextrous
adjoint for every morphism F , such that:
(i) id[∗] is the class of the trivial ambidextrous adjunction for every identity
morphism,
(ii) (G ◦ F )[∗] = F [∗] ◦G[∗] for all composable pairs of morphisms, and
(iii) θ† = †θ for every 2-morphism θ : F ⇒ G, provided they are computed
using ambidextrous adjoints from the classes F [∗] and G[∗].
An even-handed 2-category is a 2-category with ambidextrous adjoints equipped
with an even-handed structure.
In other words, instead of stipulating a specific ambidextrous adjoint 〈F ∗〉 for
every morphism F , an even-handed structure selects only an isomorphism class
F [∗] of such adjoints, in such a way that the resultant choices are compatible with
composition and ensure that the left and right daggers of 2-morphisms always
agree. The idea is that calculations involving ambidextrous adjoints usually
do not depend on the actual ambidextrous adjoints themselves, but they will
depend on their isomorphism classes, and so these classes need to be given as
extra information. We will say that a particular choice of ambidextrous adjoint
〈F ∗〉 is even-handed if it is a member of the specified class F [∗].
2.5.2 Geometric interpretation of even-handed structures
We encourage the reader to think of an even-handed structure geometrically
in the following way. If C is a 2-category with ambidextrous adjoints, the sets
[Amb(F )] of isomorphism classes of ambidextrous adjoints for each morphism
F can be thought of as forming a ‘gerbe-like’ structure
Amb(C)→ 1-Mor(C)
over the morphisms in C, which we call the ambijunction gerbe (see Figure 3).
An even-handed structure is then an ‘even-handed trivialization’ of this gerbe.
This is analogous to Murray and Singer’s reformulation of the notion of a spin
structure on a Riemannian manifold M as a trivialization of the spin gerbe [35].
We develop this geometric analogy further in [9]; for now we wish to stress that
a given 2-category can admit many different even-handed structures.
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Figure 3: The ‘ambijunction gerbe’ of a 2-category with ambidextrous adjoints.
2.5.3 Diagram manipulations requiring an even-handed structure
The following lemma illustrates the sort of diagram manipulations which re-
quire an even-handed structure; we will need these results later. We use the
convention that in the context of an even-handed 2-category, all string dia-
gram equations involving computations with ambidextrous adjoints are to be
interpreted as being appended with the disclaimer ‘provided the ambidextrous
adjoints are chosen from the classes stipulated by the even-handed structure’;
in other words they hold if the chosen ambidextrous adjoints are even-handed.
Lemma 11. For a 2-morphism θ : F ⇒ G in an even-handed 2-category, the
following equations, together with all obvious variations, hold:
(i) = (ii) =
(iii) (θ†)-1 = (θ-1)† (when θ is invertible).
Proof. For both (i) and (ii) to hold, we need the ambidextrous adjoints to be
even-handed. For instance, (i) is proved as follows:
= = = .
The rest are proved similarly.
2.5.4 The even-handed structure on 2Hilb
To discuss adjoints and even-handed structures in the concrete setting where
the 2-category consists of categories, functors and natural transformations, it is
convenient to change variables from the unit and counit natural transformations
to the associated adjunction isomorphisms
ϕ : Hom(Fx, y)
∼=→ Hom(x, F ∗y).
Recall the translation between these two pictures — if f : Fx→ y then ϕ(f) =
F ∗(f) ◦ ηx. Suppose we write
Adj(F a F ∗) = {ϕ : Hom(Fx, y) ∼=→ Hom(x, F ∗y), natural in x and y}
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for the set of ways in which an adjoint pair of functors can be expressed as
adjoints of each other (recall that this set is a torsor for the group Aut(F )). In
this language, an even-handed structure becomes a collection of bijective maps
ΨF,F∗ : Adj(F a F ∗)→ Adj(F ∗ a F ),
one for each pair of functors capable of being expressed as adjoints of each other,
which is compatible with natural isomorphisms and composition and such that
θ† = †θ for all natural transformations θ.
As an example, consider the 2-category 2Hilb of 2-Hilbert spaces. Since
2-Hilbert spaces are semisimple, every 1-morphism F : H → H ′ in 2Hilb has
an ambidextrous adjoint. That is because each functor F is freely determined
up to isomorphism by the matrix of nonnegative integers dim Hom(eµ, Fei),
where eµ and ei run over a choice of simple objects in H and H ′ respectively,
and so one can choose a functor F ∗ : H ′ → H whose associated matrix is the
transpose of that of F . Equipping F ∗ with the structure of an ambidextrous
adjoint 〈F ∗〉 amounts to freely (and apriori independently) making a choice of
linear isomorphisms
φi,µ : Hom(Fei, eµ)→ Hom(ei, F ∗eµ)
and
ψµ,i : Hom(F ∗eµ, ei)→ Hom(eµ, F ei)
respectively. An even-handed structure is precisely a system which pairs these
isomorphisms φ and ψ together, so that knowing one determines the other. To
repeat: 2Hilb does not have canonically given ambidextrous adjoints. Rather,
what is canonical (as we state in the following proposition) is the function which
turns right adjoints into left adjoints. Readers familiar with these ideas in an
algebraic geometry context might want to translate this into the statement that
every 2-Hilbert space comes canonically equipped with a trivial Serre functor.
The following is shown in [9].
Proposition 12. The 2-category 2Hilb comes equipped with a canonical even-
handed structure, given at the level of adjunction isomorphisms by sending
ϕ 7→ ∗ϕ∗ ∗
where ϕ∗ is the adjoint of ϕ in the ordinary sense of maps between Hilbert spaces.
That is, the even-handed structure sends
Hom(Fx, y)
ϕ
// Hom(x, F ∗y) 7→
Hom(F ∗y, x)
∗

Hom(y, Fx)
Hom(x, F ∗y)
ϕ∗
// Hom(Fx, y)
∗
OO
.
This formula resembles the formula for the adjoint of the derivative operator on
a Riemannian manifold, d 7→ ∗ d ∗. Also note that we needed the inner products
and the ∗-structure on the hom-sets for this to work — there is no canonical
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even-handed structure on Kapranov and Voevodsky’s 2-category 2Vect of 2-
vector spaces, for example. Indeed, we show in [9] that an even-handed structure
on 2Vect is the same thing, up to a global scale factor, as an assignment of
a nonzero scale factor to each simple object — which is precisely the extra
information available in a 2-Hilbert space. This underscores the fact that an
even-handed structure on a 2-category can be thought of as equipping each
object of the 2-category with a ‘metric’.
2.6 Even-handedness and unitary 2-representations
Consider the category Rep(G) of unitary representations of a group G. If
σ : ρ1 → ρ2 is an intertwining map between two unitary representations, then
the adjoint σ∗ : ρ2 → ρ1 is also an intertwining map, because
σ∗ ◦ ρ2(g) = σ∗ ◦ ρ∗2(g-1)
= (ρ2(g-1) ◦ σ)∗
= (σ ◦ ρ1(g-1))∗
= ρ1(g) ◦ σ∗.
We will need the corresponding result for unitary 2-representations. Suppose
that σ : α→ β is a morphism of unitary 2-representations of G. If
σ∗ : Hβ → Hα
is a linear ∗-functor which is adjoint to the underlying functor σ : Hα → Hβ ,
can we equip σ∗ with the structure of a morphism of 2-representations
σ∗ : β → α
in such a way that σ∗ is adjoint to σ in 2Rep(G)? The answer is yes — because
α and β are unitary 2-representations, and this means they are compatible with
the even-handed structure on 2Hilb. A 2-representation α is called even-handed
if for each g ∈ G
α[∗]g =
[
, , , ,
]
,
and one can check that unitary 2-representations indeed have this property.
This means we can choose (σ ◦ αg-1)∗ to be αg ◦ σ∗, and similarly for β. Thus
we can define σ∗(g) : αg ◦ σ∗ ⇒ σ∗ ◦ βg to be
αg ◦ σ∗ = (σ ◦ αg-1)∗ σ(g
-1)†⇒ (βg-1 ◦ σ)∗ = σ∗ ◦ βg.
In string diagrams,
σ∗(g)
drawn as≡ := =
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where the last simplification step uses Lemma 7 (ii). Since we are using even-
handed adjunctions, it would not have made a difference if we had opted to use
the left dagger †σ(g-1) instead. Written in string diagrams, this means
σ∗(g) = = .
The fact that the maps σ∗(g) satisfy the coherence equations for a morphism
of 2-representations follows routinely from the fact that σ(g) satisfies them. In
this way we have lifted the morphism σ∗ : Hβ → Hα in 2Hilb to a morphism
σ∗ : β → α in 2Rep(G).
We will need the following graphical moves, which formally may be regarded
as establishing that the unit and counit natural transformations for the ad-
junctions σ a σ∗ and σ∗ a σ satisfy the coherence equation for a 2-morphism
in 2Rep(G), so that we have indeed succeeded in lifting the ambidextrous ad-
junction σ a σ∗ a σ in 2Hilb to an ambidextrous adjunction σ a σ∗ a σ in
2Rep(G).
Lemma 13. With this definition of σ∗(g), the following equations hold:
(i) = (ii) =
(iii) = (iv) σ∗(g)-1 =
3 2-characters of 2-representations
In this section we define the 2-character of a 2-representation. This notion
was defined independently by Ganter and Kapranov [25] while we were work-
ing on this paper. What is new in our treatment is that we show how 2-
characters look especially simple when expressed in terms of string diagrams,
but more importantly we use the canonical even-handed structure on 2Hilb to
show how the 2-character can be made functorial with respect to morphisms of
2-representations, as we explained in the introduction. This prepares the way
for us to show that the 2-character corresponds to the ‘geometric character’ of
the associated equivariant gerbe, and also for us to show that the complexified
2-character is unitarily fully faithful.
3.1 Definition and basic properties
2-traces
The basic idea of 2-characters, as we explained in the introduction, is that they
categorify the notion of the character of an ordinary representation of a group.
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Figure 4: The loop groupoid of a finite group
.
Ordinary characters are defined by taking traces, so we first need to define
2-traces (Ganter and Kapranov called this the categorical trace).
Definition 14. The 2-trace of a linear endofunctor F : H → H on a 2-Hilbert
space H is the Hilbert space
Tr(F ) = Nat(idH , F ) =
{ }
.
If one thinks of F via its associated matrix of Hilbert spaces Hom(ej , Fei)
where ei runs over a choice of simple objects for H, then the 2-trace corresponds
to the direct sum of the Hilbert spaces along the diagonal, because a natural
transformation id ⇒ F is freely and uniquely determined by its behaviour on
the simple objects. Also recall that the inner product on Tr(F ) is defined as
〈θ, θ′〉 =
∑
i
ki(θei , θ
′
ei)
where ei runs over a choice of simple objects for H, and ki = (idei , idei) as
always.
The loop groupoid
In general the loop groupoid ΛG of a finite groupoid G is the category of functors
and natural transformations from the group of integers to G (see [40]). A special
case is the loop groupoid ΛG of a finite group G which depicts the action of
the group on itself by conjugation, since the objects can be identified with the
elements x ∈ G, and the morphisms can be written as gxg-1 g← x (see Figure
4).
The definition
The loop groupoid is particularly convenient when discussing characters. The
fact that the ordinary character χρ of a representation ρ of G is conjugation
invariant can be expressed by saying it is an invariant map
χρ : Ob ΛG→ C.
Similarly the 2-character χα of a unitary 2-representation α will produce a uni-
tary equivariant vector bundle over the group, that is, a unitary representation
of the loop groupoid,
χα : ΛG→ Hilb .
We write the category of unitary equivariant vector bundles over G as HilbG(G).
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Definition 15. The 2-character χα of a unitary 2-representation α of G is the
unitary equivariant vector bundle over G given by
χF (x) = Tr(αx) =
{ }
χα(gxg-1
g← x)
( )
= .
Let us verify that this definition makes sense.
Proposition 16. The 2-character χα is indeed a unitary equivariant vector
bundle over the group.
Proof. Using our graphical rules from Lemma 6, we have
χα(
g2← g1xg-11 )χα( g1← x)
( )
= =
= = χα(
g2g1←− x)
( )
and also
χα(
e← x)
( )
= = = .
This is a unitary vector bundle because all the maps involved in its definition
are unitary (see the proof of Lemma 30 for an explicit formula).
3.2 Functoriality of the 2-character
In this subsection we combine all the technology we have developed so far to
define how to take the 2-character of a morphism of unitary 2-representations so
as to obtain a morphism of the corresponding equivariant vector bundles over
G.
Definition 17. If σ : α → β is a morphism of unitary 2-representations, we
define χ(σ) : χα → χβ as the map of equivariant vector bundles over G whose
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component at x ∈ G is given by
χ(σ)x : χα(x)→ χβ(x)
7→ (9)
where 〈σ∗〉 is any even-handed ambidextrous adjoint for σ.
We now verify that this definition makes sense. Firstly note that it doesn’t
matter how we resolve the right hand side since by Lemma 13 (iii) we have
= .
We write [2Rep(G)] for the homotopy category of 2Rep(G) — its objects are uni-
tary 2-representations and its morphisms are isomorphism classes of 1-morphisms
in 2Rep(G).
Theorem 18. In the situation above, the map χ(σ) : χα → χβ
(i) does not depend on the choice of even-handed adjoint 〈σ∗〉 ∈ σ[∗],
(ii) is indeed a morphism of equivariant vector bundles over G,
(iii) does not depend on the isomorphism class of σ,
(iv) is functorial with respect to composition of 1-morphisms in 2Rep(G),
and hence χ descends to a functor
χ : [2Rep(G)]→ HilbG(G).
Proof. (i) If 〈(σ∗)′〉 is another even-handed ambidextrous adjoint for σ, then by
definition there is a 2-isomorphism γ : σ∗ ⇒ (σ∗)′ having the property that the
second equality below is valid:
= = .
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(ii) Using the graphical rules in Lemmas 6 and 13, we calculate:
χβ(
g← x)χ(σ)x
( )
= = =
= = = χ(σ)xχα(
g← x)
( )
.
(iii) Suppose γ : σ ⇒ ρ is an invertible 2-morphism in 2Rep(G). Then
= = = =
where the second step uses the fact that γ-1 is a 2-morphism in 2Rep(G), while
the last two steps use Lemma 11.
(iv) Suppose δ : β → γ is another 1-morphism in 2Rep(G). Since an even-
handed structure respects composition, we can choose 〈(δ◦σ)∗〉 to be 〈σ∗〉◦〈δ∗〉,
thus χ(δ ◦ σ) = χ(ρ) ◦ χ(σ). Similarly χ(id) = id, because id[∗] is by definition
the trivial ambidextrous adjunction.
We hope that these diagrammatic proofs have convinced the reader of the
utility of the string diagram notation. Explicit expansions of these diagrams
in terms of concrete formulas can be found in Section 7. We remark here that
the behaviour of the 2-character on morphisms really does use the canonical
even-handed structure on 2Hilb in an essential way. That is, if σ : α → β is a
morphism of 2-representations, then χ(σ) : χα → χβ depends on the scale factors
ki and kµ on the simple objects in Hα and Hβ . The easiest way to see this is from
our main theorem which states that the 2-character of a unitary 2-representation
corresponds to the geometric character of its associated equivariant gerbe — and
the behaviour of the geometric character on morphisms of equivariant gerbes
really does depend on the metrics on the gerbes (see Section 5.2).
4 Equivariant gerbes
In this section we introduce the principal geometric actors of this paper — finite
equivariant gerbes equipped with metrics, the 2-category which they constitute,
and the twisted character of an equivariant vector bundle over a gerbe. As
we mentioned in the introduction, we encourage the reader to think of a finite
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equivariant gerbe equipped with a metric as the categorification, in our finite
discrete setting, of an equivariant hermitian line bundle over a compact complex
manifold equipped with a metric. Our main aim in this section is to introduce
the necessary geometric language so as to be able to state Theorem 22 below
(a result due to Willerton [40]) which links these two pictures — it says that
the twisted character map gives a unitary isomorphism from the space of iso-
morphism classes of equivariant vector bundles over an equivariant gerbe to the
space of flat sections of a certain line bundle. After we have established the
correspondence between 2-representations and equivariant gerbes in Section 6,
this result will imply that the complexified 2-character functor is unitarily fully
faithful.
4.1 The definition
In this subsection we define discrete equivariant gerbes. Our definition agrees
with that of Behrend and Xu [8] if one specializes their notion to this simplified
setting — though we also add in the idea of a metric.
U(1)-torsors and their tensor products
A U(1)-torsor is a set with a free and transitive left action of U(1). The tensor
product P ⊗ Q of two U(1)-torsors is the torsor obtained from the cartesian
product P × Q by identifying (eiθp, q) with (p, eiθq) for any p ∈ P , q ∈ Q and
eiθ ∈ U(1); the equivalence class of (p, q) is denoted p⊗ q.
Equivariant gerbes
Let X be a left G-set; we will only deal with discrete G-sets so we write the
elements of X as i, j, k etc. We think of X via its associated action groupoid XG,
which has objects the elements i ∈ X and morphisms g · i g← i for g ∈ G. Also
let U(1) be the trivial ‘bundle of groups’ on X [33]; as a groupoid it has objects
the elements i ∈ X with hom-sets given by Hom(i, i) = U(1) and Hom(i, j) = ∅.
Definition 19. An G-equivariant gerbe is a central extension of the action
groupoid of a discrete G-set X:
U(1)
i
↪→ X pi→ XG.
A metric on the gerbe is an assignment of a positive real number ki to each
object i ∈ X, invariant under the action of G.
By this we mean that X has the same objects as XG, pi is a full surjective
functor and i is an isomorphism onto the subgroupoid of arrows in X which
project to identities in XG (see Figure 5).
We shall use a non-calligraphic X to refer to the underlying set of objects
of an equivariant gerbe X, and we say that the equivariant gerbe is finite if X
is a finite set.
Equivariant gerbes and cohomology
We will write
X g←i := pi
−1(
g← i)
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Figure 5: An equivariant gerbe.
for the U(1)-torsor of arrows in X which project to
g← i in XG. A section of the
gerbe is a set-theoretic map
s : Arr(XG)→ Arr(X)
such that pi ◦ s = id. Choosing a section gives rise to a U(1)-valued 2-cocycle
φ ∈ Z2(XG, U(1)) on the groupoid XG, in the sense of [40]. One defines φ by
s(
g′← g · x) ◦ s( g← x) = φx(g′, g)s( g
′g← x).
Choosing a different section s′ will change φ by a coboundary, so that an equiv-
ariant gerbe X gives rise to a cohomology class cX ∈ H2(XG, U(1)).
Tensor product of equivariant gerbes
If X′ and X are equivariant gerbes equipped with metrics, then their tensor
product X′ ⊗ X is the equivariant gerbe with metric whose object set is the
cartesian product X ′×X, whose g-graded morphisms are the tensor product of
those of X′ and X,
(X′ ⊗ X) g←(µ,i) := X′ g←µ ⊗ X g←i,
and whose metric is the product metric. Also, if X is an equivariant gerbe, we
write X for the equivariant gerbe having the same underlying groupoid as X but
with the conjugate action of U(1) on its hom-sets.
4.2 Example
Our main examples of equivariant gerbes are those arising from unitary 2-
representations of G, but here is another example. Suppose M is a smooth
connected manifold. Consider the groupoid PM whose objects are U(1)-bundles
with connection (P,∇) over M , and whose morphisms f : (P,∇)→ (P ′,∇′) are
diffeomorphisms f : P → P ′ which respect the action of U(1) and which pre-
serve the connection. If there is an isomorphism from (P,∇) to (P ′,∇′), then
any other isomorphism must differ from it by a constant factor in U(1), since
the maps must preserve parallel transport. Thus the hom-sets in PM are U(1)-
torsors.
Now suppose a group G acts on M by diffeomorphisms. Let Pic∇(M) denote
the isomorphism classes in PM (it is given by a Deligne cohomology group), and
suppose one chooses distinguished representatives (P,∇)c for each isomorphism
class c ∈ Pic∇(M). The group G acts on PM by push-forward and hence on
Pic∇(M). This gives rise to an associated equivariant gerbe X over Pic∇(M)G
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Figure 6: A morphism of equivariant gerbes.
by the Grothendieck construction: the objects of X are line bundles c ∈ Pic∇(M)
while the g-graded morphisms are given by
X g←i := HomPM ((L,∇)g·c, g∗(L,∇)c).
Composition of f2 ∈ X g2←g1·c and f1 ∈ X g1←c is defined by
f2  f1 := αg2(f1) ◦ f2,
where we have (harmlessly) left out the canonical isomorphisms g2∗g1∗(L,∇) ∼=
(g2g1)∗(L,∇). This is simply a reformulation of the ideas in the second chapter
of Brylinski [12]. In particular, it makes it clear that the automorphism group of
any line bundle c ∈ X is a central extension of the subgroup H ⊆ G which fixes
the isomorphism class (P,∇)c. Many interesting central extensions of groups
arise in this way.
4.3 Equivariant gerbes as a 2-category
In this subsection we define the 2-category of equivariant gerbes.
Unitary vector bundles over equivariant gerbes
A unitary equivariant vector bundle E over an equivariant gerbe X is a functor
E : X→ Hilb which maps morphisms in X to unitary maps in Hilb. A morphism
θ : E → E′ of equivariant vector bundles over X is a natural transformation; we
write Hilb(X) for the category of unitary equivariant vector bundles over X.
If we choose a set-theoretic section s of X, giving rise to a 2-cocycle φ ∈
Z2(XG, U(1)), then a unitary equivariant vector bundle over X can be regarded
as a φ-twisted equivariant vector bundle Eˆ over XG in the sense of [40], using
the prescription Eˆ(
g← i) = E(s( g← i)). Functoriality of E means that Eˆ is
φ-twisted functorial,
Eˆ(
g2← g1 · i)Eˆ( g1← i) = φi(g2, g1)Eˆ( g2g1←− i).
The definition
Definition 20. For a finite group G, the 2-category Gerbes(G) of finite G-
equivariant gerbes is defined as follows. An object is a finite G-equivariant
gerbe X equipped with a metric. The category of morphisms from X to X′ is
the category of unitary equivariant vector bundles over X′ ⊗ X,
Hom(X,X′) := Hilb(X′ ⊗ X).
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We refer the reader to Figure 6. Composition of 1-morphisms works as
follows — the composite of X′′ E
′
← X′ E← X is the unitary equivariant vector
bundle E′ ◦ E over X′′ ⊗ X with fibers given by the weighted sum of Hilbert
spaces
(E′ ◦ E)κ,i =
⊕ˆ
µ∈X′
kµ E
′
κ,µ ⊗ Eµ,i. (10)
That is to say, the inner product is given on the homogenous components by
(v1 ⊗ w1, v2 ⊗ w2) = kµ(v1, v2)(w1, w2)
where kµ is the scale factor on µ ∈ X ′ (this formula should be compared with
the formula for composition of kernels in (1), and underscores the fact that the
scale factors kµ should be thought of as a metric). The equivariant maps on
E′ ◦ E are given by
(E′ ◦ E)(
g
u′′⊗u
oo ) =
⊕ˆ
µ∈X′
E′(
g
u′′⊗u′
oo )⊗ E(
g
u′⊗u
oo ), (11)
where u′′ ∈ X′′g←κ, u ∈ X g←i and the choices u
′ ∈ X′ g←µ can be made arbitrarily
since the formula is invariant under u′ 7→ eiθu′. The hats on these direct sums
are there to indicate that they are not formal direct sums (which would require
an ordering) but are rather defined via a geometric pull-push formula identical
to the formula for composition of kernels in the derived category context (see
[25, 14]). Horizontal and vertical composition of 2-morphisms works in a similar
way. Note that Gerbes(G) is not a strict 2-category, but that will not concern
us here (see [11] for more details).
Classification of equivariant gerbes
We say two equivariant gerbes are equivalent if they are equivalent in the 2-
category Gerbes(G); if they have metrics then we say they are isometrically
equivalent if the support of the vector bundle E : X→ X′ furnishing the equiv-
alence pairs together objects with the same scale factor. The following classifi-
cation result is useful to bear in mind (see [11] for more details).
Proposition 21. Suppose X and X′ are equivariant gerbes equipped with met-
rics. The following are equivalent:
(i) X is isometrically equivalent to X′.
(ii) There exists an isomorphism of G-sets f : X → X ′, preserving the scale
factors, such that cX = f∗(cX′) as cohomology classes in H2(XG, U(1)).
4.4 U(1)-bundles and line bundles
In this subsection we define U(1)-bundles and line bundles on groupoids and
their spaces of sections.
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Hermitian lines and U(1)-torsors
Recall that a hermitian line is a one-dimensional complex vector space with inner
product, and a U(1)-torsor is a set equipped with a free and transitive action
of U(1). We write U(1)-Tor for the category of U(1)-torsors and equivariant
maps, and L for the category of hermitian lines and linear maps. To a U(1)-
torsor P we can associate a hermitian line PC by taking the quotient of the
cartesian product P ×C under the identifications (eiθp, λ) ∼ (p, eiθλ). We write
the equivalence class of (p, λ) as p⊗ λ, and the inner product on the line PC is
defined by (p ⊗ λ, p′ ⊗ λ′) = p′p λλ′. Similarly, given a hermitian line L we can
associate a U(1)-torsor by taking the elements of unit norm.
U(1)-bundles and line bundles on groupoids
We define a U(1)-bundle with connection over a finite groupoid G to be a functor
P : G → U(1)-Tor. Similarly a hermitian line bundle with unitary connection
over G is a functor L : G → L, such that all the maps L(γ) are unitary, where
γ is an arrow in G. We can use the conventions in the previous paragraph to
convert U(1)-bundles with connection into hermitian line bundles with unitary
connection, and vice-versa.
U(1)-bundles and 1-cocycles
A trivialization of a U(1)-bundle is a choice λa ∈ Pa for each a ∈ G. Choosing a
trivialization gives rise to a U(1)-valued cocycle α ∈ Z1(G, U(1)) (in the sense
of [40]) whose value on a morphism γ in G is defined by the equation
λtarget(γ) = α(γ)P (γ)(λsource(γ)).
Flat sections of line bundles
A flat section of a line bundle L : G → L is a choice sa ∈ La for each a ∈ G,
such that s(target(γ)) = L(γ)s(source(γ)) for all arrows γ ∈ ArrG. The space
of flat sections of L is denoted Γ(L). If s and s′ are flat sections, then their
fibrewise inner-product (s, s′)x is a 0-form on G, and hence can be integrated
with respect to the natural measure on a groupoid (see [40]), so that the space
of sections Γ(L) is endowed with an inner product via
(s, s′) =
∫
x∈G
(s, s′)x :=
∑
x∈G
(s(x), s′(x))
|x γ→ |
.
4.5 Transgression and twisted characters
In this subsection we define the transgressed line bundle of an equivariant gerbe
as a certain line bundle over the loop groupoid. Then we state the theorem of
Willerton [40] which identifies the space of isomorphism classes of equivariant
vector bundles over the gerbe as the space of sections of this line bundle.
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Line bundles from transgression of equivariant gerbes
Suppose X is an equivariant gerbe with underlying G-set X. Recall the notion
of the loop groupoid ΛXG from Section 3.1 — the objects of the loop groupoid
are ‘loops’ in XG which we write as
( i
x
)
and the morphisms are given by conjugation, which we write as
(g · i
gxg-1
)
g← ( i
x
).
We define the transgressed U(1)-bundle of X as the functor
τ(X) : ΛXG −→ U(1)-Tor
( i
x
) 7→ X
i
x
(g · i
gxg-1
)
g← ( i
x
) 7→ u 7→ vuv-1
where v ∈ X g←i is an arbitrary choice; the formula is clearly independent of this
choice. The associated hermitian line bundle τ(X)C is known as the transgressed
line bundle.
Twisted characters of equivariant vector bundles
Suppose E : X→ Hilb is a unitary equivariant vector bundle over an equivariant
gerbe X. The twisted character (or just character for short) of E is a flat section
of the transgressed line bundle,
χE ∈ ΓΛXG(τ(X)C).
It is defined by setting
χE( i
x
) = u⊗ TrE(
x
uoo )∗
where u is any morphism u ∈ X
i
x; the choice of u doesn’t matter since the
formula is invariant under u 7→ eiθu. We then have the following important
theorem.
Theorem 22 (Willerton [40, Thm 11]). The twisted character map is a unitary
isomorphism from the complexified Grothendieck group of isomorphism classes
of unitary equivariant vector bundles over an equivariant gerbe X to the space
of flat sections of the transgressed line bundle:
χ : [HilbG(X)]C
∼=−→ ΓΛXG(τ(X)C).
5 The geometric character of an equivariant gerbe
This section is the geometric analogue of Section 3: we define how to take the
geometric character of a G-equivariant gerbe equipped with a metric in order to
obtain a unitary equivariant vector bundle over G, and we show how to make
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Figure 7: The fibration of loop groupoids associated to a G-set X.
this construction functorial with respect to morphisms of equivariant gerbes.
We show that the geometric character descends to a functor from the homotopy
category of Gerbes(G) to the category of equivariant vector bundles over G,
and we use Theorem 22 to show that functor is unitarily fully faithful after one
tensors the hom-sets with C.
5.1 The definition
For every G-set X there is a natural fibration of loop groupoids pi : ΛXG → ΛG
whose fibers are the common fixed points (see Figure 7). If X has a metric
(an equivariant assignment of a positive real number ki to each i ∈ X) then we
can push-forward a unitary equivariant line bundle L over ΛXG to a unitary
equivariant vector bundle pi∗(L) over G by taking the space of sections over the
fixed points, as follows. The fiber of pi∗(L) at x ∈ G is the Hilbert space
Sections(L|Fix(x)) =
⊕ˆ
i∈Fix x
ki L i
x
of sections of L over the fixed points of x. That is, a vector ψ ∈ pi∗(L)x is an
assignment
( i
x
) 7→ ψ( i
x
) ∈ L
i
x
where i ranges over the fixed points of x, with the inner product on these sections
is given by
〈ψ,ψ′〉 =
∑
i∈Fix(x)
ki
(
ψ( i
x
), ψ′( i
x
)
)
.
As x ranges over G, these vector spaces become a unitary equivariant vector
bundle over G via the natural G-action
g · ψ(g · i
gxg-1
) = ψ( i
g
).
In particular, if X is an equivariant gerbe equipped with a metric we write
ch(X) := pi∗(τ(X)C) for the push-forward of the transgressed line bundle of X,
and we call ch(X) the geometric character of X.
5.2 Functoriality for the geometric character
We can make the geometric character functorial by defining its action on mor-
phisms E : X→ X′ of equivariant gerbes. Given such a morphism we can define
for each x ∈ G a linear map
ch(E)x : Sections(τ(X)C|FixX(x))→ Sections(τ(X′)C|FixX′ (x))
ψ 7→ ch(E)x(ψ)
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by integrating the trace of E over the fixed points of x. It is easiest to give
this map in terms of its matrix elements between orthonormal bases of sections
{ψi ∈ ch(X)x} and {ψ′µ ∈ ch(X′)x} consisting of sections which are localized
over fixed points i ∈ FixX(x) and µ ∈ FixX′(x) respectively:
ψi( j
x
) = δij u⊗ 1√
ki
∈ (X
i
x)C, ψ′µ( ν
x
) = δµν u′ ⊗ 1√
kµ
∈ (X′µ x)C.
In terms of such a basis the matrix elements of ch(E)x are defined as
〈ψ′µ, ch(E)xψi〉 = TrE( x
u′⊗u
oo )∗. (12)
Note that this definition of does not depend on the choices we made for u′ ∈ X′µ x
and u ∈ X
i
x.
As before, we write [Gerbes(G)] for the homotopy category of Gerbes(G),
and we write [Gerbes]C for the category whose hom-sets are the complexified
Grothendieck groups of the hom-categories in Gerbes(G).
Theorem 23. The assignment
χ : Gerbes(G) −→ HilbG(G)
X 7→ ch(X)
X
E→ X′ 7→ ch(X) ch(E)−→ ch(X′)
is functorial with respect to composition in Gerbes(G), and only depends on the
isomorphism class of E, and thus descends to a geometric character functor
ch: [Gerbes(G)]→ HilbG(G).
Moreover, after tensoring the hom-sets in [Gerbes(G)] with C the associated
functor
chC : [Gerbes(G)]C → HilbG(G)
is unitarily fully faithful.
Proof. Functoriality follows from the fact that trace is multiplicative on tensor
products and ‘localizes’ on the fixed points. In other words, if X′′ E
′
←− X′ E←− X
are morphisms of equivariant gerbes, and if u ∈ X
i
x, u′′ ∈ X′′
α
x, then by the
definition (11) of composition in Gerbes(G),
Tr(E′ ◦ E)(
x
u′′⊗u
oo ) =
∑
µ∈X′
TrE′(
x
u′′⊗u′
oo ) TrE(
x
u′⊗u
oo )
=
∑
µ∈FixX′ (x)
TrE′(
x
u′′⊗u′
oo ) TrE(
x
u′⊗u
oo ).
Also the trace of an equivariant vector bundle only depends on isomorphism
class; this gives the first part of the proposition.
To prove the second part of the proposition, we show that the action of
the geometric character on morphisms is just a rearrangement of the twisted
38
character map from Section 4.5, which is known to be unitary by Theorem 22.
Namely, we claim we have the following commutative diagram:
Hom[Gerbes(G)](X,X′) := [Hilb(X′ ⊗ X¯)] χ //
ch
++WWWW
WWWWW
WWWWW
WWWWW
WW
ΓΛ(X′×X)G(τ(X
′ ⊗ X¯)C)
∧

HomHilbG(G)(ch(X), ch(X
′))
The rearrangement mapˆ(the downwards arrow) works as follows. A section ξ
of the transgressed line bundle τ(X′ ⊗ X¯)C is something which assigns to every
simultaneous fixed point an element of the appropriate hermitian line:
(µ, i)
x ξ7→ u′ ⊗ u⊗ λ ∈ X′µ x⊗ X i x⊗ C.
Using the metrics on the gerbes, this can be regarded as a map of hermitian
lines
ξˆ : (X
i
x)C → (X′µ x)C
via the formula
1√
ki
u⊗ 1 7→ 1√
kµ
u′ ⊗ λ.
Using this correspondence, the section ξ gives rise for each x ∈ G to a linear
map
ξˆx : ch(X)x → ch(X′)x.
The fact that ξ was a flat section translates into the statement that the collection
of maps ξˆx is equivariant with respect to the action of G. Moreover one can
check that the map ξ 7→ ξˆ is unitary with respect to the natural inner products
involved (note that the twisted character map χ does not use the metrics on
the gerbes, but ch andˆdo), and also that the above diagram indeed commutes.
Now we apply Theorem 22, which says that after tensoring the left hand side
with C the character map χ is a unitary isomorphism. This gives the second
statement of the proposition.
6 2-representations and equivariant gerbes
In this section we show how to extract an equivariant gerbe from a marked
unitary 2-representation, and similarly for morphisms and 2-morphisms, lead-
ing to a proof that the 2-category of unitary 2-representations is equivalent to
the 2-category of equivariant gerbes. As we explained in the introduction, we
encourage the reader to think of this as a ‘categorification’ of the basic idea of
geometric quantization (that representations of groups correspond to equivari-
ant line bundles) in our simple discrete setting. Moreover, identifying unitary
2-representations with equivariant gerbes allows us to apply the integration
technology of [40], resulting in some concrete formulas for the hom-sets in the
complexified homotopy category of unitary 2-representations.
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6.1 Extracting equivariant gerbes from 2-representations
For technical reasons in this section we need to deal with marked 2-representations,
by which we mean a unitary 2-representation on a 2-Hilbert space where a choice
of representatives ei of the simple objects has been made. In any event, in prac-
tice many 2-Hilbert spaces arrive in this way; for instance it is common to have
certain preferred choices for the irreducible representations of a group from the
outset.
A unitary 2-representation α of G on a marked 2-Hilbert space H gives rise
to an equivariant gerbe X by a variant of the Grothendieck construction (see for
example [16], or the original [26]), which we define as follows. The base set X
is the set of isomorphism classes of simple objects in H; these are referred to as
i ≡ [ei], etc. It inherits a G-action via
g · i := [αg(ei)]
where ei is the distinguished simple object in the isomorphism class [ei]. The
equivariant gerbe X has the same objects as XG, with the G-graded hom-sets
given by
X g←i := uIso(eg·i, αg(ei)).
Here “uIso” refers to the unitary arrows in the 2-Hilbert space H — we warn
the reader that such arrows do not lie on the unit circle in the hermitian line
Hom(eg·i, αg(ei)), but rather on the circle with radius
√
ki. The composite of v
and v′ ∈ X g′←g·i is defined as
v′  v = φ(g′, g)ei αg′(v) v′, (13)
and the identity morphisms 1i ∈ X e←i are given by the unit isomorphisms φei(e).
We have used the ‘’ symbol above to stress that this is not ordinary composition
of arrows. We will write the inverse of v with respect to this composition law
as v-1.
6.2 Examples
We now extract the associated equivariant gerbes from some of the examples of
unitary 2-representations we gave in Section 2.3.
6.2.1 Automorphisms of groups
The equivariant gerbe X arising from the 2-representation of G ⊆ Aut(K) on
Rep(K) works as follows. Firstly one chooses distinguished irreducible represen-
tations Vi of K. The underlying G-set of X is the set of isomorphism classes of
irreducible representations (which identifies noncanonically with the conjugacy
classes of G), and the graded hom-sets are
X g←i = uIsoK(Vg·i, V
g
i ).
In particular the U(1)-torsors above the fixed points are
X
i
g = uIsoK(V, V g) ⊂ U(V )
and there is no apriori preferred section of these torsors, unless g is an inner
automorphism. Let us summarize this discussion:
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If G acts as automorphisms of a group K, then each irreducible
representation ρ of K will carry a projective representation of the
subgroup G0 ⊂ G which fixes ρ.
6.2.2 The metaplectic representation
In this way the equivariant gerbe arising from the 2-representation of SL2(R) ⊂
Aut(Heis) on the category of representations of the Heisenberg group has a single
object whose automorphism group is precisely the metaplecticc group Mpc(2)
(the metaplectic group is the nontrivial double cover of SL2(R), see [37, pg
2]). In other words, although the 2-representation is strict its corresponding
equivariant gerbe and hence the associated projective representation are actually
nontrivial.
6.3 Morphisms of gerbes from morphisms of 2-representations
By a morphism of marked 2-representations we just mean an ordinary morphism
of the underlying 2-representations which pays no attention to the distinguished
simple objects, and similarly for the 2-morphisms; we write the 2-category of
marked unitary 2-representations of G as 2Repm(G).
A morphism σ : α→ β of marked 2-representations gives rise to a morphism
of equivariant gerbes 〈σ〉 : Xα → Xβ in the following way. The vector bundle
〈σ〉 over Xβ ⊗ Xα is defined to have fibers
〈σ〉µ,i := 〈µ|σ|i〉 shorthand≡ Hom(eµ, σ(ei)).
For v ∈ (Xβ) g←µ and u ∈ (Xα) g←i, the unitary maps
〈µ|σ|i〉(
g
v⊗u
oo ) : 〈µ|σ|i〉 → 〈g · µ|σ|g · i〉
send
σ(ei)
eµ
λ
OO
7→
σαg(ei)
σ(u)∗
$$J
JJ
JJ
JJ
JJ
βgσ(ei)
σei (g)
99ttttttttt
σ(eg·i)
βg(eµ)
βg(λ)
OO
eg·µ
v
oo
(14)
The fact that this construction defines a functor 〈σ〉 : Xβ ⊗ Xα → Hilb follows
from the coherence diagrams for the natural isomorphisms σ(g). The conjugate
of Xα must be used because of the σ(u)∗ term occurring above.
2-Morphisms
Similarly a 2-morphism θ : σ → ρ between morphisms of marked 2-representations
gives rise to a morphism of equivariant vector bundles 〈θ〉 : 〈σ〉 → 〈ρ〉 whose com-
ponents are just given by postcomposition with the components of the natural
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transformation θ:
〈θ〉µ,i : 〈µ|σ|i〉 → 〈µ|ρ|i〉
f 7→ θei ◦ f.
6.4 Equivalence of 2-categories
This allows us to identify the 2-category of unitary 2-representations with the
2-category of equivariant gerbes. This result is not really new, since related
elements of it can be found in [20, Cor 6.21], and some similar ideas also appear
in [7, pg 17]. These references however do not use the language of equivariant
gerbes. By using this language we believe our formulation expresses the geome-
try of the situation in a cleaner way, firstly because it shows how this result can
be regarded as the ‘categorification’ of the geometric correspondence between
ordinary unitary representations and equivariant line bundles, and also because
the language of equivariant gerbes is quite refined (see for instance Theorem
22) and enables us to understand 2-representations and their 2-characters in
a much better way. Moreover we essentially work directly with the 2-Hilbert
spaces themselves and not some co-ordinatized skeleton of them, a strategy
which is likely to be important in more advanced geometric situations.
Theorem 24. The map
2Repm(G) −→ Gerbes(G)
α 7→ Xα
α
σ→ β 7→ Xα 〈σ〉→ Xβ
σ
θ→ ρ 7→ 〈σ〉 〈θ〉→ 〈ρ〉
is functorial, and an equivalence of 2-categories. Moreover for each pair α, β of
marked unitary 2-representations the functor
Hom2Repm(G)(α, β)→ HomGerbes(G)(Xα,Xβ)
given by the above prescription is a strong unitary equivalence of 2-Hilbert
spaces.
Proof. The reason that this 2-functor is an equivalence is because unitary 2-
representations, the morphisms between them and the 2-morphisms between
those are determined by their behaviour on the simple objects. Since it is really
a weak 2-functor the main thing to check is that the ‘compositor’
〈σ′〉 ◦ 〈σ〉 → 〈κ|σ′ ◦ σ|i〉
g ⊗ f 7→ σ′(f) ◦ g
is equivariant with respect to the definition of the maps 〈σ′ ◦ σ)(
g
u′′⊗u
oo ) from
(11), which indeed turns out to be the case. Moreover the use of the scale
factors kµ in the definition of composition (10) ensures that the compositor is
a unitary isomorphism. That it is a strong unitary equivalence on the level of
hom-categories follows from expanding out the definitions of the inner products
on each side. See [11] for details.
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Combining this result with the classification of equivariant gerbes from
Proposition 21 allows us to rederive some known results about 2-representations,
but specialized to the unitary setting. We say that a 2-representation is irre-
ducible if its associated equivariant gerbe has only a single orbit.
Corollary 25 (Compare [36, Ex. 3.4], [20, Thm 7.5], [25, Prop 7.3]). Irreducible
unitary 2-representations of G are classified up to strong unitary equivalence by
triples (X, k, [φ]), where X is a transitive G-set up to isomorphism, k is a posi-
tive real number, and [φ] is an equivariant cohomology class [φ] ∈ H2(XG, U(1)).
We write 1 for the trivial 2-representation of G on Hilb (it is the unit object
for the monoidal 2-category structure of 2Rep(G), but we will not discuss this
here).
Corollary 26 (Compare [20, Cor 6.21], [25, Ex. 5.1]). The endomorphism cate-
gory of the unit object is monoidally equivalent to the category of representations
of G,
End2Rep(G)(1) ' Rep(G).
More generally, if α is any one-dimensional 2-representation of G, then there
is a unitary equivalence of 2-Hilbert spaces
Hom2Rep(G)(1, α) ' Repφ(G)
where φ ∈ Z2(G,U(1)) is the group 2-cocycle obtained from choosing a section
of Xα.
We would like to stress however that using the geometric language of equiv-
ariant gerbes allows us to go further than these results — because it enables
us to use the technology of [40], giving us a concrete understanding of all the
hom-sets in [2Rep(G)]C.
Corollary 27. The space of morphisms between unitary 2-representations in
[2Rep(G)]C identifies as the space of flat sections of the transgressed line bundle
over the loop groupoid of the product of their associated G-sets:
Hom(α, β)[2Rep(G)]C ∼= ΓΛ(Xβ×Xα)G(τ(Xβ ⊗ Xα)C).
Thus their dimensions are given by
dim Hom(α, β) =
∫
Λ2(Xβ×Xα)G
τ2(Xβ ⊗ Xα).
In particular, the dimension of the space of endomorphisms of an object com-
putes as
dim End(α) =
1
|G| |{(i, j, g, h) : i, j ∈ Xα, g, h ∈ G, i, j ∈ Fix(g)∩Fix(h), gh = hg}|.
7 The 2-character and the geometric character
In this section we prove our main result in this paper — that the 2-character of
a unitary 2-representation corresponds naturally to the geometric character of
its associated equivariant gerbe, and hence the 2-character is a unitarily fully
faithful functor at the level of the complexified homotopy category.
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Theorem 28. The 2-character of a marked unitary 2-representation is unitarily
naturally isomorphic to the geometric character (i.e. the push-forward of the
transgression) of the associated equivariant gerbe:
[2Repm(G)]
χ
%%K
KK
KK
KK
KK
∼ // [Gerbes(G)]
ch
yytt
tt
tt
tt
t
HilbG(G)
That is, there are unitary isomorphisms γα : χα
∼=→ ch(Xα), natural in α.
Combining this with our knowledge of the geometric character functor from
Theorem 23 gives
Corollary 29. The complexified 2-character functor
χC : [2Rep(G)]C → HilbG(G)
is a unitarily fully faithful functor from the complexified homotopy category of
unitary representations of G to the category of unitary equivariant vector bundles
over G.
Proving this theorem involves expanding out the abstract higher-categorical
definitions for the 2-character and checking that they have the appropriate geo-
metric behaviour. We do this in three steps — firstly we define the isomorphisms
γα, then we show that they are indeed morphisms of equivariant vector bundles,
and then we show that they are natural in α.
Defining the isomorphisms
Given a marked 2-representation α the isomorphism of equivariant vector bun-
dles γα : χα → ch(Xα) is easy enough to write down. For x ∈ G, the fibers of
the 2-character compute, by definition, as
χα(x) = Nat(id, αx)
∼= {(θei : ei → αx(ei))i∈Fix(x)},
while the fibers of the geometric character are
ch(Xα)(x) = Sections
(
τ(Xα)C|Fix(x)
)
= {(ϑi ∈ uHom(ei, αx(ei))⊗ C)i∈Fix(x)}.
So the fibrewise identification between these two complex lines is component-
wise just the identification between a hermitian line and the line associated
to its circle of radius
√
ki. Recalling our conventions about U(1)-torsors and
hermitian lines from Section 4.4, the isomorphisms γα are given at the level of
unitary elements u ∈ uIso(ei, αx(ei)) by
γα : χα(x)→ ch(Xα)(x)
u 7→ u⊗
√
ki.
Moreover, recalling our conventions about the inner products on Nat(id, αx) and
Sections
(
τ(Xα)C|Fix(x)
)
from Sections 2.1.2 and 5.1 respectively, one sees that
γα is indeed a unitary isomorphism.
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Verifying that the isomorphisms are equivariant
The following lemma verifies that these fibrewise identifications are equivariant
with respect to the action of G, which for the 2-character is given by the string
diagram formula from Section 3.1 and for the geometric character by the trans-
gression formula from Section 4.5. In other words, γα is indeed a morphism in
HilbG(G).
Lemma 30. Let α be a marked 2-representation of G.
(i) The equivariant maps for the 2-character χα compute as the transgression,
in the sense that
χα(gxg-1
g← x) : Nat(id, αx)→ Nat(id, αgxg-1)
evaluates as
χα(gxg-1
g← x)(θ)eg·i = v  θei  v-1
where v : eg·i → αg(ei) is any unitary arrow in the underlying 2-Hilbert
space Hα, and  is the twisted composition law from Section 6.1.
(ii) Therefore the following diagram commutes:
χα(x)
γα(x)

χα(
g←x)
// χα(gxg-1)
γα(gxg
-1)

ch(Xα)(x)
ch(Xα)(
g←x)
// ch(Xα)(gxg-1)
.
Proof. (i) We need to evaluate the string diagram formula for the map χα(
g← x),
7→ .
The right hand side computes as[
χα(gxg-1
g← x)(θ)]
eg·i
:= φ(gx, g-1)eg·iφ(g, x)αg-1 (eg·i)αg(θαg-1 (eg·i))φ
∗(g, g-1)eg·iφ(e)eg·i
(a)
= φ(gx, g-1)eg·iφ(g, x)αg-1 (eg·i)αg(θαg-1 (eg·i))αg(v
-1)v
(b)
= φ(gx, g-1)eg·iφ(g, x)αg-1 (eg·i)αg(αx(v
-1))αg(θei)v
(c)
= φ(gx, g-1)eg·iαgx(v
-1)φ(g, x)eiαg(θei)v
(d)
= (v  θei)  v-1
where (a) uses the expression for v-1 with respect to the twisted composition
law  from (13), (b) uses the naturality of θ, (c) uses the naturality of φ(g, x),
and (d) again uses the composition law  from (13).
(ii) This is just (i), expressed more formally.
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Verifying naturality
It remains to show that the isomorphisms γα : χα → ch(Xα) are natural with
respect to morphisms of 2-representations σ : α → β. This amounts to com-
puting the string diagram formula (9) for χ(σ) — the action of the 2-character
on morphisms — and observing that it corresponds to the formula (12) for
the behaviour of the geometric character on morphisms, which was defined in
terms of the complex conjugate of the ordinary character χ〈σ〉 of the equivariant
vector bundle 〈σ〉. In a slogan, ‘the 2-character on morphisms is the ordinary
character’.
Lemma 31. Let σ : α→ β be a morphism of marked 2-representations of G.
(i) The matrix elements of χ(σ) compute as the complex conjugate of the trace
of the associated equivariant vector bundle 〈σ〉,
〈θµ, χ(σ)xθi〉 = Tr
(
〈µ|σ|i〉(
x
θµ⊗θioo )
)∗
.
(ii) Therefore the isomorphism γα : χα
∼=→ ch(Xα) is natural in α, i.e. the
following diagram commutes:
χα(x)
χ(σ)x
//
γα

χβ(x)
γβ

ch(Xα)(x)
ch(〈σ〉)x
// ch(Xβ)(x)
Proof. (i) We need to evaluate the string diagram formula for the map χ(σ)x,
7→ .
This gives
χ(σ)x(θ)eµ = βg(eµ) ◦ σ(g)σ∗(eµ) ◦ σ(θσ∗(eµ)) ◦ neµ
where  : σσ∗ ⇒ idHβ is the counit of the adjunction σ∗ a σ and n : idHβ ⇒
σσ∗ is the unit of the adjunction σ a σ∗. Recall that n is not arbitrary but
is determined in terms of  by the even-handed structure on 2Hilb, given at
the level of adjunction isomorphisms by sending ϕ 7→ ∗ϕ∗∗. We can evaluate
everything explicitly if we choose a *-basis
{ap : eµ → σ(ei)}dim〈µ|σ|i〉p=1
for each hom-space 〈µ|σ|i〉; that is, a basis satisfying
a∗p ◦ aq = δpq ideµ and
∑
µ,p
ap ◦ a∗p = idσ(ei) .
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Substituting everything in, one computes that for a natural transformation θi ∈
χα(x) supported on a single fixed point i ∈ FixX(x) (that is, the components
(θi)ej of θi over the marked simple objects are zero unless i = j), we have:
χ(σ)x(θi)eµ =
ki
kµ
∑
p
βx(a∗p) ◦ σ(x)∗ej ◦ σ(θej ) ◦ ap.
Notice how the scale factors ki and kµ have entered this description — this un-
derscores our point that this map uses the even-handed structure in an intrinsic
way. We can identify this combination of terms as the complex conjugate of
the trace of the associated equivariant vector bundle 〈σ〉 as follows. Fix an
orthonormal basis {θi ∈ χα(x)} and {θµ ∈ χβ(x)} of natural transformations
supported exclusively over fixed points i ∈ FixX(x) and µ ∈ FixX′(x). Recalling
the relevant inner product from Section 2.1.2, the matrix elements in this basis
are thus
〈θµ, χ(σ)xθi〉 = kµ(θµ, χ(σ)xθi)
=
∑
p
ki(θeµ , βx(a
∗
p)σ(x)
∗
eiσ(θei)ap)
=
1
kµ
∑
p
(ap, σ(kiθ∗ei)σ(x)eiβx(ap)kµθeµ)
∗
= Tr
(
〈µ|σ|i〉(
x
θµ⊗θioo )
)∗
,
where the last step uses the definition of the equivariant vector bundle 〈σ〉 from
(14) (we needed to use kiθei because θi was an orthonormal basis vector, so that
(θei , θei) =
1
ki
, and similarly for θeµ). We also used the fact that the trace of a
linear endomorphism A of the Hilbert space 〈µ|σ|i〉 can be expressed in terms
of a ∗-basis {ap} as
Tr(A) =
1
kµ
∑
p
(ap, Aap)
since we must account for the fact that the basis vectors ap are not orthonormal:
(ap, aq) = (ideµ , a
∗
paq) = δpq(ideµ , ideµ) = δpqkµ.
(ii) This follows immediately from comparing the matrix elements of χ(σ)
above to the matrix elements of ch(〈σ〉) given in (12).
This completes the proof of Theorem 28.
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